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Abstract 
 
Snap-through is an instability phenomenon that occurs in arch and dome-shaped structures, wherein the structure has to move from a 

stable equilibrium state through an unstable path into another stable equilibrated configuration in a jumping action. In this study, a linear 
elastic isotropic low arch is considered as a structure with power-law variable thickness. The phenomenon is investigated by considering 
the equation of the deflection for the variable thickness arch, solving it with an elegant analytical technique, and finding the snap-through 
critical load from an extreme condition. The effect of power-law exponent and geometry of the arch centerline on critical load is investi-
gated and the constant thickness case and a very rare case of power-law thickness variation found in literature are considered for verifica-
tion. 
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1. Introduction 

Snap-through is an instability phenomenon that occurs in 
curved one- and two-dimensional solids, such as shallow 
arches and shells, that are under the action of a compressive 
load normal to their continuum. The constraints on these 
structures are such that external loading causes a compressive 
internal force to form along or in the plane of the structure. As 
external loading increases and tries to flatten the structure, this 
compression builds up and reaches a point that the structure 
cannot withstand it in a stable equilibrium configuration. 
Therefore, the structure passes (jumps) through a series of 
unstable configurations until it reaches another stable equilib-
rium configuration. This phenomenon has its own applications 
and adverse effects. It can be used as toggle switches and 
mechanisms for activating an electrical or mechanical circuit. 
On the other hand, such jumps can lead to the collapse of a 
structure and hence to a disaster. Therefore, acquiring suitable 
knowledge on the phenomenon is of great importance. Several 
studies and investigations have been carried out on the subject. 
Timoshenko [1] in 1935 and Biezno [2] in 1938 were among 
the first who worked on the subject and presented solutions for 
the cases of distributed and concentrated forces, respectively. 

Marguerre [3] in 1938 discussed some cases based on the 
theory of buckling. Fung and Kaplan [4] considered various 
types of arches and lateral loads. In 1977, Simitses [5] used 
the energy and deflection methods and considered the variable 
thickness shallow arches for which the moment of inertia of 
the cross section varied as the 2nd and ½ power of the horizon-
tal coordinate of the arch. Based on the literature review by 
the authors, this is the only work that comes close to the pre-
sent study. Different authors have made attempts to modify or 
improve the formulation or numerical method for various 
constant thickness shallow arches with different cross sections, 
end conditions, or loadings [6-9]. The next section discusses 
the problem formulation based mainly on the notation used in 
[5]. The special form of the governing differential equation on 
the lateral deflection of the arch would allow the use of a very 
innovative method of analytical solution discussed in Section 
3. However, to obtain the critical snap-through loading, it is 
not possible to continue with the analytical method and a nu-
merical finite difference scheme has to be implemented for 
this part. Some examples based on the proposed method are 
discussed in Section 4. Some verifying cases based on previ-
ous works as well as the effects of different parameters on 
critical snap loading are presented. 
 

2. Problem formulation 

Fig. 1 shows a variable thickness shallow arch. The center-
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line equation of the loaded arch is represented by w (x) and its 
undeformed state is denoted by w0 (x), in which x shows the 
horizontal coordinate of the arch. The span of the arch is de-
noted by L and the maximum height of the centerline is de-
noted by e. For shallow arches, the ratio e/L is considered to 
be lower than 0.35 [10]. The initial shape of the centerline is 
considered to be a parabola with the equation 
 

2
0( ) 4 ( ) /w x ex L x L= − .  (1) 

 
The authors found that for constant thickness shallow arch, 

the shape of the centerline has very little effect on the critical 
snap load [11] (in a numerical example, centerlines in the 
shape of a parabola, as well as circular and elliptical arches, 
yield the same snap load within less than one percent of dif-
ference). The ends are considered to be pinned. This condition 
causes the development of an axial loading throughout the 
arch. Moreover, its presence and buildup as the external lateral 
loading increases are important contributors to the instability 
of the arch (in an investigation by the authors, when the ends 
were considered simply supported, i.e., one end pinned and 
the other roller supported, and hence no axial loading, no 
snapping occurred and the arch simply went through the initial 
curved shape to a flat configuration to another curved shape 
beneath the horizon without any instability and snapping [11]). 
The thickness is considered to be variable but still small com-
pared to other dimensions of the arch and also symmetrical 
with respect to x=L/2 line. This justifies the decision to con-
sider only the effect of bending moment in formulating the 
deflection of the arch centerline. This study aims to present the 
methodology for obtaining critical snap loading. Hence, the 
loading is considered to be a simple uniformly distributed one 
with intensity P. The deflection of the arch is considered to be 
small compared to the initial curved shape. Although the 
structure undergoes considerable displacement by snap 
through instability, the last assumption is reasonable enough 
to obtain the critical snap load. Post buckling behavior is not 
considered here. Fig. 2 shows the free body diagram of a sec-
tion of the arch in the deformed shape. Based on the moment-
curvature relations, the governing equation of the deflection of 
the arch is 
 

0
( )

( ) 2 ( )
Qw Px L xw w

EI x EI x
−′′ ′′− + = ,  (2) 

 
where E is the modulus of elasticity of the arch material 
(which is considered to be linear elastic), I (x) is the variable 
area moment of inertia of the arch cross section, and prime 
denotes differentiation with respect to x coordinate. Q is the 
unknown axial force resulting in the cross section found by the 
following procedure. Considering the axial strain of the arch, 
it can be written (for example see [10]) as 
 

0 zε ε κ= + ,  (3) 
 
where ε is the axial strain of a point on the cross section with 

vertical coordinate z measured from the centerline. ε0 and κ 
are the axial strain of the centerline and the change in its cur-
vature, respectively, which can be expressed by the following 
two relations: 
 

2 2
0 0( ) / 2u w wε ′ ′ ′= + − ,  (4) 

0( )w wκ ′′ ′′= − − .  (5) 
 

In relation (4), u is the axial displacement and the second 
term on the right is caused by the variation in arc length due to 
the deflection of the centerline [10]. The internal axial loading 
Q is constant throughout the centerline and is the result of the 
axial stress σ=Eε, i.e., 
 

2 2
0 0( ) [ ( ) / 2]

( )
A

QQ dA EA x u w w
EA x

σ ε ′ ′ ′= − = − ⇒ = − + −∫ ,  

 (6) 
where A (x) is the variable area of the arch cross section. The 
displacements of the arch at the ends are zero; hence, integra-
tion of the above equation over the span of the arch and mak-
ing use of symmetry yields 
 

/ 2 / 2
2 2

0

0 0

2 ( )
( )

L L
Q dx w w dx
E A x

′ ′= − −∫ ∫ .  (7) 

 
Eqs. (2) and (7) refer to the coupled governing equations 

used to find the lateral deflection w and axial force Q in the 
arch. Eq. (7) makes the set nonlinear and requires a numerical 
procedure for solving it. Fortunately, as seen in the next sec-
tion, since Q is constant, it is possible to solve Eq. (2) for de-
flection using an innovative method and substitution of the 
solution into (7), giving a relation for Q to be used for obtain-
ing the snap load. In this study, the cross section of the arch is 
considered to be rectangular and only its thickness (in z direc-
tion) is varied. The depth (in y direction) is considered to be 
constant and taken as unity. To parameterize these equations 

 
 
Fig. 1. Initial geometry of a shallow arch. 
 

 
 
Fig. 2. Free body diagram of a section of the arch. 
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and help with the non-dimensional investigation of the phe-
nomenon, the following parameters are introduced: 
 

3 2

3
1 11

ˆ ˆ1 , , ,

, ,
2 12

x w ex w R
L L L

PL L QLB C D
EI EII

= + = =

= = =
  (8) 

 
where I1 is the area moment of the inertia at the ends of the 
arch. The parametric axial coordinate x̂  is introduced in such 
a way that it is used in the power-law representation of the 
variation of moment of inertia in the following form: 
 

1ˆ ˆ ˆ( ) 1 1.5nI x I x x= ≤ ≤ .  (9) 
 

Its evaluation is meaningful for the end x=0. The limits in (9) 
correspond to one half of the arch span in order to maintain 
symmetry. From this, the variation of cross sectional area 
along the arch can be written as 
 

/ 33
1ˆ ˆ ˆ( ) 12 1 1.5nA x I x x= ≤ ≤ . (10) 

 
Therefore, the governing equations in the non-dimensional 

form can be written as 
 

ˆ ˆ ˆ( 1)(2 )ˆ 8
ˆ ˆn n

Dw B x xw R
x x

− −+ = − ,  (11) 

1.5 1.5 2
2

2 / 3
1 1

ˆ 8ˆ ˆ
ˆ 36 n

D dx Rw dx
C x

= − +∫ ∫ ,  (12) 

 
where dot represents differentiation with respect to x̂ . Once 
the deflected curve is solved from (11), it can be substituted 
back into (12) and the relation between D and B (or Q and P) 
can be obtained. The snap load is obtained as a limiting case 
(sometimes called the limit load) and just before the jump, the 
internal mechanical parameters of the arch, including Q, reach 
an extremum. Therefore, the equation from which the snap 
load can be obtained is 
 

0dB
dD

= .  (13) 

 
This procedure is explained in the next section. 

 

3. Analytical-numerical solution procedure 

In this section, an innovative analytical procedure is pro-
posed for solving Eq. (11). This equation is an ordinary differ-
ential equation with variable coefficients and its solution con-
sists of homogeneous and particular parts, i.e., 
 

ˆ ˆ ˆh pw w w= + . (14) 
 

The homogeneous part satisfies the following governing 
equation as well as boundary conditions 

ˆˆ ˆ ˆ0 (1) (1.5) 0
ˆ

h
h h hn

Dww w w
x

+ = = = .  (15) 

 
This form satisfies the conditions of Sturm-Liouville theory 

(see [12] for example); hence, its solution can be expressed in 
terms of Bessel orthogonal functions (see [13] for example) as 
follows: 
 

1 2ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

1 21
2 2 2

m m
h v vw x c xJ bx c xY bx

n Dv m b
n n

= +

= − = − + =
− −

  (16) 

 
where Jv and Yv are the Bessel functions of order v of the first 
and second kind, respectively, and c1 and c2 are the constants 
of integration. 

Next, Lagrange’s theorem [12], which states that if the ho-
mogenous solution of the second order ordinary differential 
equation ( , , ) ( )f y y x h x′′ ′ = , the equation can be written as 

1 1 2 2( ) ( )hy c y x c y x= + . The total solution of the ODE can be 
written as 
 

2 1
1 1 2 2 1 2

1 2 1 2

1 2

1 2

( ) ( )( )
( , ) ( , )

y h x dx y h x dxy x c y c y y y
y y y y

y y
y y

ω ω

ω

= + − +

=
′ ′

∫ ∫
,  (17) 

 
whereω  is the Wronskian of the solution of the homogenous 
part. Using this theorem, the total lateral deflection for the 
arch can be written as 
 

1 2ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )

ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( )
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v v
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v v

m m
v v
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xJ bx xY bx h x dx
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−

+

∫
∫

,  (18) 

 
where ˆ( )h x  is the right-hand side of Eq. (11) and the Wron-
skian turns out to be one. Using the following identities [13] 
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2 2

1 2 1
ˆ
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4
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 ,  (19) 

 
where Hypergeom ( ) is the Hypergeometric function [12]. 
The lateral deflection ˆ ˆ( )w x  is obtained analytically for every 
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value of the power-law exponent n in terms of some known 
series functions. The final expression, however, is extremely 
long and is therefore not mentioned here. 

Once the deflection is calculated, it is substituted into Eq. 
(12), a relation between B and D is obtained, and the relation 
(13) can be used to obtain the critical snap loading. Unfortu-
nately, this part of the procedure cannot be performed analyti-
cally (the integration in (12) is quite complicated). Thus, the 
nonlinear equation resulting from (13) has to be solved using 
numerical techniques (this is a single variable highly nonlinear 
equation and to be solved efficiently, built-in solvers in 
mathematical software that work based on numerical optimi-
zation have to be utilized in this investigation). 

Thus, for different values of the effective parameters and 
power-law exponent, this procedure can be performed and the 
value of the non-dimensional critical snap loading can be ob-
tained. This is shown in the next section. 
 

4. Numerical results and discussion 

In this section, some results based on the procedure outlined 
in the previous section are presented. For the first case, the 
effect of power-law exponent on the critical snap-loading is 
investigated. This is carried out for a certain values of parame-
ters introduced before. The set values are R=0.1 and C=104. 
Fig. 3 shows the result based on three methods: the Analyti-
cal-Numerical (AN) procedure given in Section 3; the Solving 
the Finite Difference (FD) form of Eqs. (11) and (12), chang-
ing values of external loading P and monitoring the deflection 
of a specific point along the arch, such as the middle point for 
the occurrence of the extremum (jumping condition); and the 
Finite Element (FE) modeling of the structure and increasing 
the external loading until a jump occurs. For the FD method, 
the number of discretization points along the x axis is gradu-
ally increased until convergence occurs. For the FE method, 
commercial FEA software with suitable element type and 
meshing is utilized. There is good agreement between the 
three methods as shown in Fig. 3. 

As expected, the critical loading increases as the power-law 
exponent increases. A couple of verifying data are also super-

imposed on the figure. Case n=0 corresponds to the constant 
thickness arch; the solution due to Timoshenko [1] is shown in 
the figure. Case n=2 also corresponds to an earlier work by 
Simitses [5], and its result is shown in the figure as well. 
There is good agreement between the previous results and 
those of the current research. 

To investigate the effect of variation in some parameters, 
some results are presented based on the AN method. Fig. 4 
shows the effect of variation of parameter R (shallowness of 
arch) on the critical loading for several power-law exponents. 
A value of C=104 is used. This parameter has a very signifi-
cant effect in the increase of the critical loading. 

The effect of parameter C (slenderness of the arch) on criti-
cal loading is investigated. Fig. 5 shows the result for a typical 
value of power-law exponent (here n=2) for three values of C 
equal to 103, 35 10× , and 104. The variation of C causes the I1 
to change and, therefore, the non-dimensional ratio P/EL is 
shown here. The value of R is also varied. The effect of de-
crease of C is more significant as R is increased. The sum-
mary of the effects of variation of C and R is shown as a 3D 
surface in Fig. 6. 

An interesting case involving the effect of swapping the 
moment of inertia between the ends of the arch and the middle 
point, i.e., one arch narrowing and the other arch thickening 
toward the center, on the critical snap load at different values 
of the power-law exponent is investigated. Fig. 7 shows the 
result. Indices 1 and 2 correspond to the thickening and nar-
rowing arches, respectively. For arch number 1, the moment 
of inertia increases from I1 at the ends to (1.5)nI1 at the middle 
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Fig. 3. Critical load for several power-law exponents using different
methods. 
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Fig. 4. Effect of R on critical loading for several power-law exponents.
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Fig. 5. Effect of C on critical loading. 
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point by the power-law 1 ˆnI I x= . For arch number 2, the order 
is reversed by the power-law 1 ˆ1.5n nI I x−= . This is conducted 
for three different values of R. Arch 1 gives rise to a higher 
critical loading and the effect is the same irrespective of the 
value of R and the ratio increases in an almost linear fashion 
with n. To justify this, note that the shape of the deformed 
centerline just before the jump is almost the same irrespective 
of the value of I1 (within the range compatible with thin arch 
assumption) or the exponent n. This result makes the integral 
on the right side of Eq. (7) almost a constant; hence, the value 
of Q depends only on the integral on the left. For negative 
values of n in the case just mentioned, the left side integral is 
smaller compared to that of the corresponding positive n, 
making Q smaller for negative n (less axial pressure builds up 
before snap through) and lower snap loading. 

For the last example, a case that can be of practical interest is 
considered. The aim in this case is to determine the effect 
varying thickness has on critical loading compared to a con-
stant thickness arch with the same mass. Fig. 8 shows the out-
come. The horizontal axis is the ratio of I1 of the variable 
thickness to that of constant thickness arch (inertia ratios less 
than 1 correspond to positive values of the power law expo-
nent). For this case, the shallowness parameter R is taken to be 
0.1. Surprisingly, constant thickness gives a higher critical 
load. This can be justified by noting that when the thickness 
varies, the integral on the left side of Eq. (7) is larger than that 
in the constant thickness case (this is the same as equivalent 

stiffness for springs in series or equivalent resistance for resis-
tors in parallel). Based on findings in the previous case, at the 
jump, the center line is almost similar in shape regardless of 
the way the thickness varies. Thus, the integral on the right 
remains almost the same. The resulting axial force Q becomes 
smaller for the case of variable thickness, giving rise to a 
smaller critical load. 
 

5. Conclusion 

A mixed analytical-numerical method for obtaining snap 
load of power-law variable thickness shallow arch is presented. 
The agreement between the results from this method and those 
from other usual procedures is satisfactory. Based on these 
results, the decrease in slenderness ratio and shallowness pa-
rameter C and the increase in shallowness parameter R cause a 
higher critical loading. For arches having the same mass, vari-
able thickness arches have lower critical loading compared to 
constant thickness arches. 
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